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Representation over a Field of Full Simplicial Matroids 
RAUL CORDOVIL 
The definition of simplicial matroids over the rationals, which was introduced by Crapo and 
Rota, generalizes to an arbitrary field. We proved the following theorems. 
THEOREM. If S;;[F], the full K-simplicial matroid of order n over a field F, is coordinatizable 
(representable) over a field F', then Sk[F] = S;;[F']. 
THEOREM. The matroid S;;[F], is uniquely F-coordinatizable. 
An initial announcement of these results appeared in [3]. 
1. INTRODUCTION 
We assume that the reader has some familiarity with matroid theory (the term combina-
torial geometry is also used to describe such systems). Whitney's original paper [13], the 
paper by Tutte [11] and the books by Crapo and Rota [5] and Welsh [12] are appropriate 
references. 
Let A = {aD < al < ... < an-I} a finite orderly set. 
For every k, o:os; k :os; n, let (1) denote the set of all k-element subsets of A. If X E (1) we may 
consider X as a simplex. Also we may consider 
1.1. a(<fJ) = 0 
1.2. a({aio}) = 1 
k-I 
1.3. a({aio < ... < aik_,}) = L (-li{aio,· •• , iii;, ... , aik_,} j=O 
(the "boundary" of a simplex) as a vector over a (commutative) field F. 
DEFINITION 1.4. A k-simplicial matroid of order n over a field F on a subset E of (1) 
is the matroid given by the coordinatization (representation) X --a(X), X E E, i.e., 
{XI. X 2 , ••• ,Xm } ~ E is a independent set of the matroid if and only if a(XI ), ••• , a(Xm ) is 
a family of linearly independent vectors. 
An obvious consequence of the definition is that a k-simplicial matroid on a set E, 
E ~ ('~), is independent of the initial order of A. 
We note by Sk[F] the full k-simplicial matroid of order n, over a field F, on the set (1) of all 
k-element subsets of a set A of cardinality n. 
EXAMPLE 1.5. Let G be a simple graph with vertex set V(G). Take A = V(G) and let 
E ~ (~) be the set of edges of G. Then the 2-simplicial matroid of order # V(G) (over any 
field F) on the set E is just the cycle matroid of the graph G. 
EXAMPLE 1.6. An alternative approach to simplicial matroids (geometries) is given by 
Crapo and Rota [5, 6]. 
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With each subset B s; (t) we associate the simplicial complex 
[7]. The Betti numbers of the simplicial complex .::1 (B) over a field F of characteristic c, f3f, 
are particularly simple. 
Since all simplices of cardinality ~k -1 are present, for simplices of cardinality ~k - 2 
all cycles bound, hence only f3~-1 and f3~ may be non-zero. 
By definition of Betti numbers it results that # B - f3 ~ is the dimension of the vector 
space generated by the vectors {a(X): X E B)}. 
Considering the simplicial complex .::1(B) over 0, it is clear that the matroids Sk[O] are 
the simplicial geometries G(Tk ) on an n-element set T of Crapo and Rota [5, 6]. 
We remark that the binary matroids SZ[Z2] were studied before by M. Todd [9, 10]. 
There is also a section on these matroids in Welsh's book [12]. 
Another generalization of simplicial matroids over 0 were considered by E. D. Bolker 
[1] in connection with transportation polytopes. 
A simple result concerning simplicial matroids is the following proposition. 
PROPOSITION 1.7. The rank of the matroid Sk[F] is (Z::~) and all its circuits have 
cardinal ;;.k + 1. 
PROOF. If k = 0, 1, n the proposition is trivial. We suppose 2:s; k:s; n - yt.et A be a 
set of cardinality n and let :JJa be the set of simplices of cardinality k containing a fixed 
element a E A. The family of vectors {a(X): X E !13a } is a family of linearly independent 
vectors. For any simplex Z of cardinality k + 1 the family (r) is a circuit of Sk[F] because 
a2(Z) = 0 and if D is a circuit of Sk[F] for all Y E D and for all subset Y'of Y of cardinality 
k -1 then # {X': X' E D, Y' c X'};;. 2 (i.e., # D ~ k + 1). Consequently the family OOa is a 
base of the matroid Sk[F]: if Z' E (A"k{a}) then ElJa u {Z'} contains the circuit (Z''k{a}). 
2. THE MAIN THEOREMS 
A fundamental problem of the matroid theory is the following: 
PROBLEM OF COORDINATIZATION 2.1. Let M be a matroid on the set E and let F be a 
field. Under what conditions on the matroid M does there exist a (representative) matrix S 
with entries in F and columns indexed by E such that {Xl. ... , Xm} is a independent set of 
M if and only if the column vectors of the matrix S indexed by Xl> ... ,Xm are linearly 
independent vectors? 
Theorem 2.1 answers this problem for the full simplicial matroids. 
THEOREM 2.1. If the matroid Sk[F], is coordinatizable (representable) over a field F', 
then S;:[F] = SZ[F']' 
Before proving Theorem 2.1 we give some relevant properties on coordinatizable 
matroids. 
DEFINITION 2.2. Let A = {ao < al < ... < an-I} be a finite orderly set. For every k, 
1 ~ k ~ n, we assume that set (t) is ordered by the lexicographic order. By definition a 
simplicial matrix is the matrix Sen, k) = (sP.q) whose rows Crespo columns] are indexed by 
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the set (k~l) [resp. (t)]and the coefficientsp,q is zero ifp¢ q and equals (-l)i ifp = q -{ai), 
q ={a , <·"<a, <"·<a· } 
'0 'i Ik-1 • 
PROPOSITION 2.3. For every k, 1,,;;: k ,,;;: n, the matrix [I i Sen -1, k)] over the field F is a 
representative matrix of the matroid S~[F]. 
PROOF, The matrix Sen, k) is of the following type: 
[
A I 0 ] Sen, k)= - + ------
I I Sen -1, k) 
where I is the (~=~) x (~=~) unit matrix. The rank of the matroid S~[F] is (~=~), then the rank 
of the matrix Sen, k) is (k=~) and {Xl. ... , Xm} is an independent set of the matroid S~[F] if 
and only if the column vectors of the matrix [/iS(n -1, k)] indexed by Xl. ... ,Xm are 
linearly independent vectors. 
DEFINITION 2.4 [2]. If two matrices A and A' over the fields F and F' represent the 
same matroid we say A and A' geometrically equivalent denoted A Q A'. 
DEFINITION 2.5 [2]. Let A and A' be two matrices over the field F. We say that A and 
p 
A' are projectively equivalent denoted A - A', if they differ by a sequence of the following 
operations: 
2.6. Addition or removal of a zero row; 
2.7. Multiplication of a column or a row by a non-zero scalar; 
2.8. Addition a scalar multiple of one row to another. 
P G 
It is clear that A - A I, implies A-A I, but, in the case F = F ' , this implication is not 
reversable [2]. 
DEFINITION 2.9 [2]. A matroid M on a set E of cardinality n is uniquely F-
coordinatizable if it can be represented by a m x n matrix over the field F and all such 
representing matrices are projectively equivalent. 
The following proposition is simple but useful. 
PROPOSITION 2.10 [2]. Let [I iA] and [I iA'] be two matrices over the fields F and F'. 
G 
Then [IiA]- [IiA'] if and only if every subdeterminant of A vanishes exactly when the 
corresponding subdeterminant of A' vanishes. In particular the entry aij of A is zero if and 
only if the entry a:j of A' is zero. 
It is clear that Proposition 2.10 implies that a binary matroid M is uniquely coor-
dinatizable over Z2. 
THEOREM 2.11. LetS = Sen, k) be a matrix over a field Fofcharacteristic ;62, and let M 
be a matrix over a field F'. Then Property 2.12 implies Property 2.13: 
G 
2.12. [I! S] -[I ! M]; 
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2.13. S = D1MD2 where Dl and D2 are non-singular diagonal matrices*. 
COROLLARY 2.14. The full k-simplicial geometry of order n over a field F, SZ[F], is 
uniquely F-coordinatizable. 
PROOF. If the fields F and F' are equal, then 2.12 and 2.13 are equivalent, and is clear 
p 
that 2.13 and [I i S] - [I i M] are also equivalent. 
PROOF OF THEOREM 2.11. If k = 1 or k = n -1, Theorem 2.11 is evident. Let 
2 ~ k ~ n - 2. There are non-singular diagonal matrices Dl and D2 over F ', such that the 
first non-zero entries in each row and column of matrix M' = D1MD2 are equal to the 
corresponding entries in the simplicial matrix S(n, k). We shall prove that this condition 
and Proposition 2.10 forcing the equality 
M' = S(n, k) = (Sa,b), 
We suppose that the non-zero entries in the matrix M' = (ma,b) are ordered by the 
lexicographic order of these indices. We prove by induction on the orderly set of indices, 
that we have ma.b = Sa.b. 
Suppose that ma',b' = Sa' ,b' for every index (a', b'), (a', b') < (a, b), Let x be the first 
element of the set E - b(b E (t)). Let y be the unique element of the set b - a and let z be 
the last element of the set b. 
We have x < y < z. Indeed if y < x Crespo y = z] then ma,b is the first non-zero entry of the 
row a of the matrix S(n, k) Crespo ma,b is the first non-zero entry of the column b of the 
matrix S(n, k)]. 
Let al = {a -{z}} u{x}, a2 = {a -{z}}u{y}, b l = {b -{z}} u{x}, b2 = {b -{y}} u{x}. 
Let SI Crespo Md be the submatrix of S Crespo M'] indexed by rows a), a2, a and columns 
b), b2, b. The non-zero entries ma"b" ma"b2' m a2.b" m a2,b, m a.b2 of the matrix MI are equal 
to the corresponding elements of the matrix S by the hypothesis of induction because 
al <a2<a and b l <b2 <b. If 
b = { ... ,i, . .. , y , ... , z} 
(q_l) (k) 
b l = {, .. , x , ' , . , y , . ,.} and b2 = { ... , x , ' .. , 9, ' .. , z} 
(p) (q) (p) (k) 
as oriented simplexes with increasing elements from left to right and position numbers 
indicated below, then the submatrix SI will become 
b2 
(-ll+1 
o 
( -l)P+I 
The determinant of Sl vanishes, as it should. Evaluation of the corresponding submatrix 
M), which vanishes, gives 
* We identify the matrix Sin, k) over F and the matrix Sin, k) over F'. 
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PROOF OF THEOREM 2.1. If the characteristic of F is 2, then we have Sk[Z2] = SaF] 
and this matroid is coordinatizable over some field of characteristic,e2 if and only if S~[Z2] 
is graphic or cographic [3, 4, 8]. In this case for every field F', S~[Z2] = S~[F'] [3, 4]. 
If the characteristic of the field F is ,e 2 then Theorem 2.1 is an immediate consequence 
of Theorem 2.11. 
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